4_3 Riemann Sums and Definite Integrals

Corn

Riemann Sums

In the definition of area given in Section 4.2, the partitions have subintervals of equeal
widlth. This was done only for computational convenience. We begin this section with
an example that shows that it is not necessary to have subintervals of equal width,
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Definition of a Riemann Sum

Let f be defined on the closed interval [a, &), and let A be a partition of [, b]
siven by

A= g xS <K, <K=k
where Ax, s the width of the ith subinterval, If ¢; is ey point in the ith sub-
interval, then the sum

Ay, x s
~

is called a Riemann sum of f for the partition A
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“The width of the largest subinterval of a partition A is the norm of the partition
and is denoted by Al If every subinterval is of equal width, the partition is regular
and the norm is denoted by

B a2 R puniion
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Definition of a Definite Integral
I £ is defined on the closed interval [a, b] and the limit
Jjm, 2 Fle) Ax

exists (as described above), then f is integrable on [a. b] and the limit is

denoted by

lim 3 fle) Ax, = f o .

1150

The limit is called the definite integral of f from a to . The number a is the
lower limit of integration, and the number b is the upper limit of integration.
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Itis not a coincidence that the notation for definite integrals is similar to that used
for indefinite integrals. You will see why in the next section when we discuss the
Fundamental Theorem of Caleulus. For now it is important to see that definite integrals
and indefinite integrals are different identities. A definite integral is a number, whereas
an indefinite integral is a fimily of finctions.

A sufficient condition for a function f to be integrable on [a, #] is that it is
continuous an [a, b]. A proof of this theorem is beyond the scope of this text.
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THEOREM 4.4 Continuity Implies Integrability

If a function £ is continuous on the closed interval [a. b]. then f is integrable on
[a. B].
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In Excrcises 9-12, express the limit as a definite integral on the interval [, b),
where ¢, isany point in the ith subinterval.

[1,3]
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THEOREM 1.5 I'he Definite Integral as the Area of a Region
1f £ is continuous and nonnegative on the closed interval [a, 5], then the area of
the region bounded by the graph of £, the x-axis. and the vertical lines x = a and
v = bis given by
-
Area = | F(x)dx.

(See Figure 4.22))

Oct 13 - 9:09 AM




Tn Exercises 1322, set up a definite integral that yiclds the area of the region. (Do
not evaluate the integral.)

18, 70 = =

241
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22 () = (y — 2
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In Exercises 23-32, sketch the region whose area is given by the definite integral.
Then use a geometric formula to evaluate the integral (@ > 0, > 0),

e
28. J‘(H—.rm-

Oct 13 -9:10 AM




Definition of Two Special Definite Integrals

1. If f is defined at x = a, lhenJ‘ ) dx

2. It f is integrable on [a. b, then j Fl) dx =
A
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THEOREM 4.6 Additive Interval Property

I £ is integrable on the three closed intervals determined by a. b, and c, then

» . N
j Q) dx = f Fldr + j f) d.
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THEOREM 4.7  Properties of Definite Integrals

If f and g are integrable on [a. b] and k is a constant, then the functions of kf
and f + ¢ are integrable on [a, b, and

1. j Kl de = k| f()dr

" " "
2 j [£) + gl dx = f f(,r)dxtj gl dx.
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THEOREM 4.8 Preservation of Inequality
1. Tf £ s integrable and nonnegative on the closed interval [a, 4], then
»
0< J O dr.

2. If f and g are integrable on the closed interval [a. b] and f(x) < g(x) for every
xin [a. b), then

j 0 f eto) de.

Oct 13-9:11 AM

In Exercises 33—40, evaluate the integral using the following values.

4 s .
Ix"d.r:(ﬂ). fxdx:(». de:l
] 2 H

34 JL\ v
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In Exercises 33-40, evaluate the integral using the following values,

4 4 4
J‘x'nﬁr=ﬂl. dex=(>. de=2
2 ] x

o
8. J (c* + ) dv
2
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44 (;mnj Fx) de = 0 and jlﬂr] de = 5, find
' n

w ! W
@ j Flx) dx b J F) de 7’[‘ F) dr
' o !

| |
© j 3f() dx m)j 3(x) dx.
! o
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45. Think About It ‘The graph of f consisis of line segments and a semicircle, as
shown in the figure. Evaluate cach definite integral by using geometric formulas

. 4
(a) J.!(\'I dx (b) J’ﬂa) dx
s 5

© j flad e @ j o) de

; .
© j 1700 e o) J L) + 2] de

b A

} “2
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In Exercises 47— 50, use the figure to fill in the blank with the symbol <, >, or =.

47. The interval [1, 5] is partitioned into n subintervals of equal width Ax, and x,
is the left endpoint of the ith subinterval.

3 fix)Ar j Flads
2 ‘

48. The interval [1, 5] is partitioned into n subintervals of equal width A, and x,
is the right endpoint of the ith subinterval

% rin)ax j Flads

Oct 13 -9:12 AM




68. Find the Riemann sum for f{x) = sin x over the interval [0, 277]. where x, = 0,
X = w4 x = /3 x = w and x, = 2m, and where ¢, = 7/6, ¢; = w3,
e = 29/3,and ¢; = 32,
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